An analytic description of the vector constrained KP 

hierarchy 

G.F. Helminck J.W. van de Leur* 



"j-^.."' Faculty of Applied Mathematics, 

OS ', University of Twente, 

^ i P.O.Box 217, 7500 AE Enschede, 

^ 1 The Netherlands 

§ I fax: 31-53 489 4824 

1—5 ! e-mail: helminck@math.utwente.nl 
^ \ vdleur@math.utwente.nl 

February 9, 2008 

-1- 

■ 
o 

\Q . 1991 MSC : 22E65, 22E70, 35Q53, 35Q58, 58B25 

Keywords : KP hierarchy, Constrained KP, Grassmann manifold 

' Abstract 

> ■ 

In this paper we give a geometric description in terms of the Grassmann manifold 
of Segal and Wilson, of the reduction of the KP hierarchy known as the vector k- 

1 | | constrained KP hierarchy. We also show in a geometric way that these hierarchies are 

equivalent to Krichever's general rational reductions of the KP hierarchy. 

> '■ 

1 Introduction 

In recent years (vector) constrained KP hierarchies have attracted considerable attention 
both from the mathematical as the physical community [p|-p7|], [29|, [31|, [32]. Many 



interesting integrable systems like the AKNS, Yajima-Oikawa and Melnikov hierarchies 
appear amongst these constrained families. In the physics literature they are studied in 
connection with multi- matrix models. 

The (vector) constrained KP hierarchies were introduced as reductions of the KP 
hierarchy 

Fit 

^- = [(L n ) + ,L], n>l, 

for the first order pseudodifferential operator L = d + J2j<o^j& ■ This reduction consists 
of assuming that 

m 

(L fc )_=^^-S, 

3=1 



*JvdL is financially supported by the Netherlands Organization for Scientific Research (NWO). 
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such that the following conditions on the functions qj and rj hold: 

^L = (L^) + ( qj ) and = -(L n w Y + (r 3 ) for all n > 1. 

In this way it generalizes the well-known Gelfand-Dickey hierarchies ((L fc )_ = 0). 

Much is known about these constrained hierarchies and many well-known features 
are investigated, e.g. it was shown that they possess a bi-Hamiltonian structure M, 
|U, ||], Hi, II, a bilinear representation |f], f||, || and Backlund-Darboux 



and Miura transformations @, @, f§, f|, 0, @, @. However, until recently, the 
geometry remained unclear. It is well-known that one can associates to a point in an 



infinite Grassmannian a solution L of the KP hierarchy [28], |p0[ . In this paper we consider 
the Segal- Wilson Grassmannian. Let H be the Hilbert space of all square integrable 
functions on the circle S 1 = {z £ C | \z\ = 1}, which decomposes in a natural way as the 
direct sum of two infinite dimensional orthogonal closed subspaces H + = {J2n>o a nZ n € 
H} and H- = {J2 n <o a n zU £ H}. The Segal- Wilson Grassmannian Gr(H) consists of 
all closed subspaces W C H such that the orthogonal projection on H- is a Hilbert- 
Schmidt operator. In this setting, the k-th Gelfand-Dickey hierarchy has the following 
simple geometrical interpretation. The KP operator L belongs to the k-th Gelfand-Dickey 
hierarchy if and only if the corresponding W € Gr(H) satisfies z k W C W . One of the 
authors gave in (see also j^]) a simple interpretation of the constrained KP hierarchy 
for the case of polynomial tau- functions, viz L belongs to the m-vector fc-constrained KP 
hierarchy if and only if the corresponding W € Gr(H) has a subspace W of codimension 
m such that z k (W') C W. We show in this paper that the same interpretation also holds 
in the Segal- Wilson case. Using this geometrical interpretation, we prove in section 5 that 
the vector constrained KP hierarchy describes the same reduction of KP as the general 
rational reductions of Krichever [|l7]] (see also |15|| ). Our geometrical interpretation is also 
useful to give solutions of these hierarchies (see e.g. |]19[). 



2 The KP hierarchy revisited 

In this section we recall some results for the KP-hierarchy that we will need in this paper. 
The KP hierarchy starts with a commutative ring R and a privileged derivation d of R. 
In order to be able to take roots of differential operators in d with coefficients form R, one 
extends this ring R[d] to the ring R[d, of pseudo differential operators with coefficients 
in R. It consists of all expressions 

N 

aid 1 , a-i E R for all i, 

i= — oo 

that are added in an obvious way and multiplied according to 

8 j o off = j>2 {^jd k {a)d l+j - k . 

Each operator P = J2pjd J decomposes as P = P+ + P_ with P + = pjd 3 its differential 

i>o 

operator part and P- = Y] pjd J its integral operator part. We denote by ResgP = p_i the 

j<0 
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residue of P. On R[d,d 1 ) we have an anti-algebra morphism called taking the adjoint. 
The adjoint of P = Y^Pid 1 is given by 

i 

Further one has a set of derivations {d n \ n > 1} of R that commute with d. The equations 
of the hierarchy can be formulated in a compact way in a set of relations for a so-called 
Lax operator in i.e. an operator of the form 

L = d + J2 1$ Aj^R for all j < 0. (2.1) 

j<0 



These equations are 



d n (L) = J2dn(e j )d j = [(L n ) + ,L} 1 n>l. (2.2) 

j<0 



Since this equations for n = 1 boils down to d\(£j) = d(£j) for all j, we assume from now 
on that d = d\. Equation (|2.2| ) has at least the trivial solution L = d and can be seen as 
the compatibility equation of the linear system 

Lip = zip and d n (ip) = {L n ) + (iP) (2.3) 

One needs a context in which the actions of (|2.3| ) make sense and that allows you to derive 
(I2.2T) from (|2.3f). For the trivial solution (^.3|) becomes 



dip = zip and d n ip = z n ip for all n > 1. 

Hence if one takes 5 n = then the function 7(2) = exp(X] Uz l ) is a solution. The space 

M of so-called oscillating functions for which we make sense of ( [2.3| ) can be seen as a 
collection of perturbations of this solution. It is defined as 



M = aiZ l )e^ Uz ' \ai€R, for all i}. 



i<N 



The space M becomes a R[d, d 1 )-module by the natural extension of the actions 

diiEj^z^e^ 1 } = (E^(%-)^' +Y: j a j z^ 1 )e^ i . 
It is even a free i?[<9, 5 _1 )-module, since we have 

An element 1/) in M is called an oscillating function of type z £ , if it has the form 

tP(z) = {z* + Y,a jZ j }e^ Uz \ 

j<e 

The fact that M is a free R[d, <9 -1 )-module, permits you to show that each oscillating 



function of type z that satisfies (2^) gives you a solution of ( |2.2[) . This function is then 



called a wavefunction of the KP-hierarchy. 
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Segal and Wilson give in |3(| an analytic approach to construct wavefunctions of the 
KP-hierarchy. They considered the Hilbert space 

H = {Y a n z n \ a n eC,J2 \ a n | 2 < oo}, 

n&L n& 

with decomposition H = H + © H_, where 

H + = {Y a n z n G H} and F_ = {Y a n z n € H} 

n>0 n<0 

and inner product < • | • > given by 

< Y a n z n | Y b mZ m >= Y 

To this decomposition is associated the Grassmannian Gr(H) consisting of all closed sub- 
spaces W of H such that the orthogonal projection p + : W — > H + is Fredholm and the 
orthogonal projection p_ : W — > is Hilbert-Schmidt. The connected components of 
Gr(H) are given by 

Gr^(H) = \W € GV(#)| p + : /W -» ^+ has index zero} . 

On each of these components we have a natural action by multiplication of the group of 
commuting flows 

r + = {exp(Y t i zl ) \U eC, Y I *i I (! + e ) 1 < 00 for some e > °l- 

i>l 

Now we take for R the ring of meromorphic functions on T + and for d n the partial 
derivative w.r.t. t n . Then there exists for each W in GA~^(H) a wavefunction ipyy 
of type z l that is defined on a dense open subset of T + and that takes values in W . 
Moreover, it is known that the range of spans a dense subspace of W. Hence, if we 
write ipw = Pw ■ e^'" 2 ' with P w G ii^d" 1 ), then L w = PwdP^ 

is a solution of the 

KP-hierarchy. Each component of Gr(H) generates in this way the same set of solutions 
of the KP-hierarchy, so it would suffice, as is done in [3C], to consider only GA \H). 



However, it is more convenient here to consider all components. 

A subsystem of the KP-hierarchy consists of all solutions L that are the k-th. root of 
a differential operator. This gives you solutions of the KP-hierarchy that do not depend 
on the {tk n , with n > 1}. Those operators satisfy the condition L k = (L k ) + . The set of 
equations corresponding to this condition is called the k-th Gelfand-Dickey hierarchy. Now 
it has been shown that, among the solutions coming from the Segal- Wilson Grassmannian, 
the ones that satisfy the fc-th Gelfand-Dickey hierarchy are exactly characterized by z k W C 
W . In the next section we consider a generalization of this condition. 



3 An extension of the condition z k W C W 

In this section we consider, for each k and m in N = {0, 1,2,...}, fc^O subspaces W in 
Gr(H) that possess the m- Vector ^-Constrained (mF&:C)-condition: 

There is a subspace W' of W of codimension m such that z k (W') C W. 

(3.1) 
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This is a natural generalization of the condition that describes inside Gr(H) the solutions 
of the fe-th Gelfand-Dickey hierarchy. We will show here in a geometric way how you can 
associate to each W, satisfying the mT^/cC-condition, 2m functions {qj | 1 < j < m} and 
{ r j | 1 < j < m } for which the following equations hold: 

d n ( qj ) = (Lyy)+(qj) for all n > 1, (3.2) 

d n ( rj ) = —(Lw)+( r j) for all n > 1. (3.3) 
Here ^4* denotes the adjoint of ^4 in R[d, d ). Moreover L\y satisfies 

m 

L k w = {L k w ) + + Y^q ] d-\ J . (3.4) 

j=l 

At the same time we will give links with the paper of Zhang flSHf . 

Take any W in Gr^~^> that satisfies the ml/A;C-condition. It is no restriction to assume 
that the m occurring in ( |3.1| ) is optimal, i.e. there is an orthonormal basis {u%, . . . ,u m } 
of the orthocomplement of W in W such that 

(Span{z fc m, • • • , z k u m }) f~)W = {0}. 

Since multiplication with z is unitary, the vectors {z k (ui), . . . , z k (u m )} are an orthonormal 
basis of the orthocomplement of W in z k W+W . To the space W we associate the subspaces 

Wj = W@ Cz k Uj , l<j<m. 

Clearly the Wj all belong to Gr(~^ +1 ) and hence, they have wavefunctions ipWj of type 

i 1 — l • 
z i.e. 

= ifor&z) = {z*- 1 + J2^s(t)/- 1 - S }e^ zi . (3.5) 

S>1 

Recall that ipWj (t, z) is well-defined for all t belonging to the open dense subset 

T+ J = { 7 (z) = expQ^Uz*) G r+|7 -1 W^ is transverse to 

On T , ^ we consider the function 

Sj(t) =< i/) Wj (t,z) | z k Uj > . (3.6) 

Since the vectors {ipw.(t,z) \ t € r + ^} are lying dense in Wj and m was assumed to be 
optimal, the functions {sj} do not vanish. Hence, on a dense open subset of T + , there is 
defined the function 

<Pj = —ipWj ■= rjtpWj- (3.7) 

It takes values in Wj and has moreover the following useful property 

(fj(t) — z k Uj 6 W, (3.8) 
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for all t in a dense open subset of T + . This property is a consequence of the facts that 
tfij(t) — z k Uj is by construction orthogonal to z Uj and that W is the orthocomplement 
of Cz k Uj inside Wj. In [31], similar functions {<fj} are introduced, only not using the 
geometry, but as solutions of a certain system of differential equations. In particular, we 
can dispose of the condition (a) in the Proposition of [31]. Thus we have obtained m 
functions {rj}. 

To define the {qj} we consider 

z k ^ w - = = {E b s {t)/- l ~ s }e^\ (3.9) 

For each j, 1 < j < m, we have a function qj on . 

qj{t) = < z k ^ w (t, z) - (L^+ipwit, z) | z k vP > 

= < Z k 1p W (t,z) I Z k Uj > 
= < 1pw{t, z) I Uj > . 

Because m is optimal, the functions {qj} are non-zero on an open dense subset of T + . 
Since uj does not depend on t and since -^-i^w = C^wO+W'w)) we get directly for qj 

mi = <w:(' l l J w)(t,z)\uj>=<(L^) + (ip w (t,z))\uj> (31Q) 

= (L^) + (<4, w \u j >) = (L^) + (q j ). 



Thus the equations ( |3. 2| ) for the derivatives of the {qj} are clear. Those for the {rj} 
require more work. 

First we derive an expression for (L^)_(t/>vk)- Thereto we consider 

m 

$(t) = z^w - {L k w ) + {i> w ) - £ q m . (3.11) 

j=i 

Since 92 j takes values in Wj,thefunction(L k v ) + (tfjw) does so in the space W and z k ip\y 
in z k W. Hence we have that <3?(i) belongs to W + z fe VK for all relevant t. By construction 
we have that for all j, 1 < j < m, <3?(i) is orthogonal to z k Uj, hence $(t) even belongs to 
W. From the form of the <pj, we see that on an open dense set of r + one has 

<5>(t) = {J2c s z £ - 1 - s }e^ z \ 

s>0 

By construction, there holds 

Wn(z e H + )^(z) = {0}, 

so that we arrive at 

m 

z k ^ w - (L k w ) + (ii> w ) = E qm- (3.i2) 

This equation is part of the system of differential equations for the (fj as used in [Z\. 
Recall that (fj has the form 



{rjz e 1 + lower order terms in z}e^ tiZ . 
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Hence, 

difj dipj f Wz 4 

= — — = WjZ + lower order terms 1 . 
ox ot\ 

On the other hand we know that <Pj(t) — z k Uj belongs to W for all t. Thus also ~^-{t) 
belongs to W. In W we have that 



dup 

T 



dx ' J 

and this has to be zero. By definition we have tpj = Tjifiw an d differentiation w.r.t. x 
gives 

ifj w = —dirjipwj) = (r^dr^iipwj). (3.13) 

Consequently, we have for <f)j 

<Pj = r^ Wj = rjir^d^r^ipw = d~ 1 r j i> Wr 
Now we substitute this in equation ( |3.12| ) and obtain 

m 

(Z&)-ftM = {£ Qjd^r^w. (3.14) 

3=1 

Since the pseudodifferential operators act freely on wavefunctions, we see that L\y and 
the functions {qj} and {rj} are exactly connected by equation (0) 

m 



What remains to be shown, is the differential equation ( |3.3|) for the rj. As <pj(t) — z Uj 
belongs to W, it follows that for all n > 1, ^-(t) lies in W. Recall that 

(fj = {rjz^ 1 + lower order terms in z}e^ tiZ . 

Then we have 

= {rjz n+i ~ 1 + lower order terms}e^* i2 

= {r j 9"- 1 }^ + {Es>o«^ n ~ 1+ ^ s } e ^* l2! 
= ^•(^) + {Es>o/3,^- 1 - s }e EM \ 

with A n j a uniquely determined differential operator in d of order n — 1 and with leading 
coefficient rj. Since both jp- as A n j(ipw) are lying in W, we get 



dt„ 

9<fj A nj (i, w ) = = WH {z"H + )^(z). 



dt r , 

On the other hand we know that tpj = d~^rj^y/ and this leads to 

3-1 ^ r j„i,„ r , fl-L/r" 



A nj (M = d~ L ^w + d- L rj(L^) + (^ w ). (3.15) 
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This gives you an expression for A n j in Ly/ and r 

,dr 



By taking the residue in d of the operators in this equation, we see that 

Res d (A nj ) = = p- + Res a (5- 1 r,(L^) + ) = ^ + {L^)\{r , ) 



The last equality is a direct consequence of the following property of residues of pseudod- 
ifferential operators. 

Lemma 3.1 In the ring R[d,d~ l ) of pseudodifferential operators with coefficients in R, 
we have for each f in R and P = J2j<NPj& ^ n R[®-> d^ 1 ) 

Res d {d- l fP) = (P*)+(f), 
where {P*)+ = {~d) 3 Pj ^ s the differential operator part of the adjoint of P. 

0<j<N 

Proof. First we recall that Hesg behaves as follows w.r.t. to taking the adjoint P* = 
E (.~d) j Pj of P 

Res d (P*) = -Res d P. 

This is easily reduced to operators of the form ad n , n G Z. Next one notices that it suffices 
to prove the equality in the lemma for differential operators. The left hand side for such 
a P transforms as 

Resaid-'fP) = -Res d (P*f(-dy 1 ) = Res d (P* 

As P* f is a differential operator with constant term P*(f), this gives the proof of the 
lemma. □ 

So we have shown that each rj satisfies the equation (|3.3|): 

nr ■ 

^ = -«-)+(>•,)• 

and we can conclude that L\y, the {qj} and the {rj} form a solution of the m vector 
fc-constrained KP-hierarchy. 

4 The main theorem 

In this subsection we will prove the converse of the result from the foregoing subsection 
and thus come to the main theorem. So we start with a W in Gr^~^ and functions {qj} 
and {rj}, all defined on a dense open subset of T + , such that the equations fl3.2| ) , (|3.3|) and 
( |3.4j ) are satisfied. We will show that such a W fulfills the mV^fcC-condition from section 3. 
Recall that there is a unique pseudodifferential operator P\y such that ifiyy = Pw{e^ tiZ ')- 
It has the form 

P W = d i + Y^Pi® = {1 + T,P^sd s }d e . (4.1) 

j<£ s<0 
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It is not difficult to see that the fact that ipw is a wavefunction is equivalent to P\y 
satisfying the Sato- Wilson equations 

9 -^Pw l = -(Pwd n P^)-, (4.2) 
where P- denotes the integral operator part J2 Pi®* °f the element P = ^Pjd 3 in 

i<0 

R[d, d^ 1 ). Next we consider for each j, 1 < j < m, the operators Qj and Rj defined 
by 

Qj := qjdq~ x P w and Rj = r^ x d~ x rjP w . (4.3) 

We want to show that the Qj and the Rj also satisfy the Sato- Wilson equations. To 
do so, we need some properties of the ring R[d, d" 1 ) of pseudodifferential operators with 
coefficients from R. We resume them in a lemma 

Lemma 4.1 /// belongs to R and Q to R[d, d~ l ), then the following identities hold 

(a) (Q/)_ = Q_f, 

(b) (fQ)- = fQ-, 

(c) Res d (Qf) = Res d (fQ) = f Res d (Q), 

(d) (8Q)-=dQ-- Res d {Q), 

(e) (Qd)- = Q-d- Res a {Q), 

(f) (Qd- 1 )- = Q-d~ x + ResaiQd-^d- 1 , 

(g) [d~ l Q)- = d^Q^ + d^ 1 Res a {Q*d- 1 ). 

Since the proof of this lemma consists of straightforward calculations, we leave this to the 
reader. Now we can show 

Proposition 4.1 The operators Qj and Rj, 1 < j < m, satisfy the Sato-Wilson equations. 

Proof. If we denote by d n , then we get for Qj = qjdq7 l Pw that 

dn{Qj)Qj l = d n (q J dqJ 1 )q J dr 1 q J 1 + qj dqT 1 d n (P w )P ]V 1 qjd- 1 qT 1 
= -qjdqfiL^.q^qj 1 + d n {qjdq- l ) q] d~ l qj l . 



Now we apply successively the identities from Lemma [4.1| to the first operator of the 
right-hand side 



1j d Qj 1 ( L w)-9jd l qj = qjd{qj 1 L% v q j )d 1 q j 



q^G&r^fcO-fc 1 qjdResaiq-'L^qjd-^d-'q- 1 
qj{dqj 1 L^qjd- x )^qJ + qjRe^faJ 1 Ufoqjdr^qJ 1 



q.dK^oiqfL^qjd-^d^qj 1 = (qjdq^L^qjd^qj 1 )- + 
q^ResiL^q^ 1 ) - qjdq^Re^L^qjd^d- 1 qj 1 . 



By applying Lemma |3.1| to these last two residues we get 

(qjdqr'L^qjd^qJ 1 )- + (L^+^qJ 1 - ^dqf^^dT^qf. 
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On the other hand 

dniQjdq'^qjd^qJ 1 = d n (qj)qj l - qjdqj 2 d n (q j )q j d' 1 qj 1 . 

Thus we see that, if d n {qj) = (Lyy)+(qj), the operator Qj satisfies the Sato- Wilson equa- 
tion 

9n(Qj)Q~j X = -{Qjd n QJ 1 )-- (4.4) 

For Rj, we proceed in a similar fashion 

d n {Rj)R-r l = -r^d^rjiL^-rjdrj + dnirfd-^rfdrj 

= -rJ 1 d~ 1 (r j Ly v rJ 1 )^dr j + -d^r^rj 1 + rj 1 d' 1 (d n (r j )rj 1 )drj. 

Now we successively apply Lemma ^4] (g) and (c) and ( fl.2| ) to the first term of the right 
hand side of this equation 

- rJ^irjL^rJ^-drj = -^{(d^rjL^rj 1 )- - d^Res^ 1 ^)*^- 1 )}^ 

= -rr^d^rjL^r- 1 )^ + rj V 1 ^ 1 ^)*^)^- 

_ r -i {(a -i r . L n /r -i a) _ + Res 9 (a- 1 r i L^r7 1 )}r i + rj^^rj^L^y^drj 

-irfd-^L^drj)- r-\L n w )\{r 3 ) + rj^^rj^f^drj. 



Since d n (tj) = — (L^r)*(rj), we see that the last two terms cancel l drj)r- 1 drj and 

thus we have obtained the Sato- Wilson equation for Rj 

3 n {RjRj = -(R J d n Rj 1 )-. (4.5) 



This concludes the proof of proposition |44|. □ 

This proposition has some important consequences. Since the {rj} and the {qj} are non- 
zero on a dense open subset of r+, we define on such a subset of T + oscillating functions 
tpQ j and tp Rj of type z e+l resp. z e ~ l by 

^Qj = qjdqj 1 ■ and ip Rj = rj l d~ l rj ■ tp w . (4.6) 
Consider the following subspaces in Gr(H) 



W Qj = Span{V'Q J (t, z)} and W Rj = Span-f^it, (t, z)}. 
Then we can conclude from proposition [O] 



Corollary 4.1 The functions r ^Q j and ifj Rj are the wavefunctions of the planes Wq^ and 
W Rj . Moreover we have the following codimension 1 inclusions: 

W Qj CW and W C W Rj 

Proof. From the Sato- Wilson equations one deduces directly that for all re > 1, 

dnTp Qj = (Qjd n Qj 1 ) + i; Qj and d n *l> Rj = (Rjd n Rj 1 )^ . 

This shows the first part of the claim. The inclusions between the different spaces follows 
from the relations 

^Qi = (qjdqj 1 )^) and i/i w = (rjdrj 1 )^^ 



5 GENERAL RATIONAL REDUCTIONS OF THE KP HIERARCHY 



11 



and the fact that the values of a wavefunction corresponding to an element of Gr(H) 
are lying dense in that space. Since for a suitable 7 in T + the orthogonal projections of 
7 _1 Wjj. on z i H + resp. r y~~ 1 W on z i+l H+ have a one dimensional kernel, one obtains the 
codimension one result. This concludes the proof of the corollary. □ 
Now we can formulate the main results of this paper. 

Theorem 4.1 Let W be a plane in Gr(H) and let L\\r be the corresponding solution of 
the KP-hierarchy. Then for m,fe£ff, k 7^ 0, the following 2 conditions are equivalent 

(a) The space W satisfies the mVkC -condition. 

(b ) There exist functions {qj | 1 < j < to} and {rj | 1 < j < m} defined on an open 
dense subset of T + such that the following conditions are fulfilled: 

(i) dn(Qj) = f° r all n>l, 

(ii) d n (rj) = -(ZftO+fo) for all n > 1, 

m 

(Hi) L k w = (L k w ) + +Y:q j d- 1 r j . 

Proof. In section 2 it has been shown that (a) implies (b). So we assume from now on 
(b). The relation (b) (iii) leads to 

m 

= lPw)+tyw) + E '//'•.,'■.; { <) 'r,c\v 

j 

= { L w)+tyw)+ E '60 ' •/,'.• 

j 

Thus we see with the usual density argument that 

z k W c W + W R S = E W Rj = 
3 3 

Since each W has codimension one in Wr., we see that the codimension of W in W is 
< m. Let W\ be the orthocomplement of TV in TV and p\ : H — > W\ the orthogonal 
projection on W\. Inside W we consider 

W 1 = {w G W \ pi{z k w) = 0}. 

Since dim(H /r i) < to, we see that W 1 is a subspace of W of codimension < to and by 
construction z k W 1 C W. This completes the proof of the theorem. □ 

5 General rational reductions of the KP hierarchy 

We are now going to connect the vector constrained KP hierarchy to reductions of the KP 
hierarchy introduced by Krichever [|l7]]. For that purpose we assume that W is a plane in 
Gr{H) that satisfies the TO^A:C-condition, where we choose to to be as minimal as is pos- 
sible for that plane. Let Lw = PwdP^ 1 , with Pyy of the form (|P|), be the corresponding 
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solution of the KP hierarchy and let W C W be the subspace of codimension M such 
that W\ = z k W x C W. Notice first that W 1 is a subspace of W and z k W of codimension 
k + m and m, respectively. Hence there exist differential operators L\ and L 2 of order 
k + m and m, respectively, such that 

Liipw = ipW-L, L 2 z k ^ w = ipW! (5-1) 
and that ipWi is again a wavefunction. From (|5.l| ) one immediately deduces that 

= L 2 _1 Li. (5.2) 

We first prove the following lemma. 

Lemma 5.1 Let L = Pd k P~ 1 be a pseudodifferential operator of order k and let L\ and 

L2 be differential operators of order k + m and m, respectively, such that L = L 2 1 L±. 
Then one has the following identities: 

L 1 (L 2 1 L 1 ) i / k = (L 1 L 2 1 y/ k L 1 , L 2 (L 2 1 L 1 ) i ' k = (L 1 L 2 1 y/ k L 2 . 

Proof. Since L\P = L 2 Pd k , one can find a pseudodifferential operator Q of the same 
order as P such that L x = Qd k+m P~ l , L 2 = Qd m P~ 1 and thus L x L 2 l = Qd k Q- 1 . Since 
also L 2 ~ 1 L\ = Pd k P~ 1 , one finds that their k-th roots satisfy 

(L 2 1 L 1 ) 1 ^ k = PdP~\ {L x L 2 l f/ k = QdQ- 1 . 

Using this, one easily verifies the identities of the Lemma. □ 



Since both ipw an d VWi are wavefunctions that are connected by equations (5J-), we find, 
using (5^) and Lemma 5A, that 



L w = (L^Li) 1 ^ and L Wl = L^L^L^LV 1 = (L^ 1 ) 1 ^. 



Hence 



diihv, = ((LiL 2 - 1 ) l/fc )+^ 1 = ((L^y^+L^w 
and on the other hand is also equal to 

di{L^ w ) = diiLx^w + L x (XL 2 x L x yl k )+i> w . 

From which one deduces that 

= ((L.L^y/^L, - L 1 ((L 2 - 1 L 1 )^) + . 

In a similar way one obtains from the other identity of (|5.1| ) that 

d,L 2 = ((L 1 L 2 - 1 r/ fc ) + L 2 - L 2 ((L 2 - 1 L 1 y/ fc ) + . 



(5.3) 



(5.4) 



(5.5) 



Notice that in this way we have exactly obtained Krichever's general rational reductions 
of the KP hierarchy [17]. Krichever considers KP pseudodifferential operators L of the 
form (2.1), such that L k = L 2 L±, where L\ and L 2 are coprime differential operators of 
order k + m and m, respectively. It can be shown that the equations (5^) and (|5.5| ) for 
L\ and L 2 are equivalent to the KP Lax equations for L. It is not difficult to see that 
our operators must be coprime, since we have chosen our m to be minimal. We will now 
prove that the converse also holds, i.e, that the following theorem holds. 
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Theorem 5.1 Let W be a plane in Gr(H) and let Lw be the corresponding solution of 
the KP-hierarchy. Then for m,fe£N, k ^ 0, the following 2 conditions are equivalent 

(a) The space W satisfies the mVkC '-condition, with m as minimal as possible. 

(b ) There exist coprime differential operators L\ and L2 of order k + m and m, respec- 
tively, such that the following conditions are fulfilled: 

(1) L k w = L 2 l L 1 

(ii) diLt = ((LxL^^+L! - L X ((LJ 1 L 1 ) i / k ) + , 
(in) 3iL 2 = ((L 1 L 2 1 ) i / k )+L 2 - L 2 ((L 2 1 L 1 ) i / k ) + . 

Proof. We have already shown that (a) implies (b). So we assume from now on (b). Let 



ifii be the oscillating function Litpw, then by using Lemma p.l : 

(LiLa 1 ) 1 /^! = {L^f^L^w = L 1 {L 2 x L x fl k i\> w = zL^ w = z^. 
Now consider 

diipi = di(L x )il> w + Ltdi^w 

= (((L^y/^+L, - L 1 ((L 2 - 1 L 1 )^) + + L 1 ((L 2 - 1 L 1 )^) + )^ 
= ((L^y/^+L^w 
= ((L.L^y/^. 

Hence ipi is again a wavefunction of the KP hierarchy. If we let W\ be the closure of the 
span of the ipi(t, z) then = ip x . Since z k ipw is also a wavefunction, 

L 2 Z k 1pW = tpWr- 

Thus we see with the usual density argument that 

W\ C z k W of codimension m , . 

W\ C W of codimension k + m 

Hence W 1 = z~ k W\ is a subset of W of codimension m such that z k W 1 C W . Since our 
differential operators are coprime , one cannot find lower order operators M\ and M 2 such 
that Lyy = M 2 ~ l M\. Hence there is no smaller subspace W\ and no smaller m such that 
(15.61) is satisfied. □ 



As a consequence of this, we obtain that in the Segal- Wilson setting, the vector constrained 
KP hierarchy and Krichever's general rational reduction define the same reduction of the 
KP hierarchy. 
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